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If a spacecraft experiences a stuck-on thruster that does not act through its center of mass, it can experience
signi� cant attitude and translational motions. These motions are analyzed for the case of a vehicle that is nearly
spherically symmetric; any real spacecraft that is designedto be perfectly symmetricwill actuallybe near symmetric
in practice, as a result of small irregularities in its mass distribution. It is shown that the motion that such a vehicle
experiences as a result of a prolonged thruster � ring is signi� cantly more complicated than the simple spin that is
obtained for the ideal spherical case. In particular, the real spacecraft will experience a form of forced nutation,
with convergence toward either its major or minor principal axis, depending on both the applied torque and the
mass properties of the vehicle. Furthermore, the principal axis that is converged to generally will not be orthogonal
to the thruster axis. Consequently, the thrust vector may have a signi� cant component along the converged spin
axis, thus, giving rise to a considerable net linear acceleration on the vehicle. The large ¢v that can result is
fundamentally different from the behavior in the ideal perfect sphere case and will occur, to varying extents, for
virtually all near-symmetric mass properties. Methods are derived for predicting this ¢v and other aspects of the
stuck-on thruster behavior of near-symmetric vehicles, for any given set of mass properties, and the new analytical
results are fully illustrated by means of numerical simulations.

Nomenclature
a = linear acceleration,m/s2

f = force applied by stuck-on thruster, N
I0 = nominal axial moment inertia

of spacecraft, kg ¢ m2

m = mass of spacecraft, kg
R.¿ / = torque Rayleigh quotient, kg ¢ m2

r = radius of spherical spacecraft,m
t45; ttrans; tasymp = time constants of spacecraft response

to stuck-on thruster, s
Nx = offset of center of mass from geometric center

of thrusters, m
® = angular acceleration, rad/s2

1I = inertia matrix perturbation, kg ¢ m2

1v = translational speed imparted by thruster, m/s
µ = angle between vectors O! and O¿ , rad
¸1; ¸2 = perturbations in principal moments

of inertia, kg ¢ m2

Q̧
1, Q̧

2 = normalized principal moment perturbations
¿ = thruster torque vector about center of mass in

body coordinates, N ¢ m
O¿ = thruster torque vector in principal coordinates

(with components f O¿i g/, N ¢ m
! = angular velocity vector of spacecraft in body

coordinates, rad/s
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Introduction

I F a spacecraft experiences a stuck-on thruster that does not act
throughits centerof mass, it will be excitedby a body-� xed force

and torqueand,consequently,can experiencesigni� cantattitudeand
translationalmotion. The serious consequencesthat can result from
this type of event are illustratedby the following three examples: the
Gemini 8 mannedspacecraft1 in 1966, theClementinelunar/asteroid
probe,2 and the Wide-Field Infrared Explorer (WIRE) infrared as-
tronomysatellite.The Gemini 8 missionhad to be truncatedfrom the
planned3 days to just 10 h, with the crew performing an emergency
reentry at the earliest possible opportunity, after a yaw thruster be-
came stuck-on. Clementine was lost after a software problem led
to its thrusters � ring until propellant depletion, causing the space-
craft to reach a spin rate of over 80 rpm; the intended asteroid � yby
could not be performed. More recently, the WIRE spacecraft was
prevented from carrying out any of its planned mission by the inad-
vertent venting of its on-board cryogen supply shortly after launch
in 1999. This venting event was dynamically similar to a stuck-on
thruster and led to very high spacecraft rotation rates.

Several important dynamic questionsarise in connectionwith the
stuck-on thruster problem and will be addressed in this paper. First,
how do the spacecraft rotational rates build up with time and along
which axes? Second, how does the orientation of the body-� xed
thruster evolve? These answers will in turn determine the answer to
a thirdquestion:To what extentdoes the applied thrust gives rise to a
net linear acceleration?If a signi� cant acceleration is produced, the
resulting 1v can have important safety implications: For instance,
the orbit of the spacecraft may be perturbed signi� cantly and, if it
is � ying in proximity with another vehicle, a collision may result.
A � nal question is as follows. What is the asymptotic rotational
accelerationof the vehicle? This value will determine how long the
spacecraftwill take to reachany speci� ed rotationrate, for instance,
its structural integrity limit.

Certainof thesequestionshavebeen addressedin the literaturefor
variousspecialcases,namely, thatofan axisymmetricvehicle,3;4 one
that is nearly so,5;6 or a general spacecraft with torque constrained
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Table 1 AERCam Sprint dynamics parameters

Parameter Value

Mass fully fueled 15.8 kg (34.9 lbm)
Propellant mass 0.28 kg (0.62 lbm)
Vehicle radius 0.178 m (7.0 in.)
Mean axial moment of inertia 0.160 kg ¢ m2 (547 lbm in.2)
Thrust per jet 0.38 N (0.085 lbf)
Thruster moment arms 0.102 m (4.0 in.)
One-jet linear acceleration 0.024 m/s2 (0.08 ft/s2 )
Mean one-jet angular acceleration 0.241 rad/s2 (13.8 deg/s2 )

Fig. 1 AERCam Sprint general layout.

to lie along one of its principal axes.3;7 However, the application
that motivates the presentwork and that leads to the new results that
are derived here is not covered by any of the existing analyses.This
is the case of a spacecraft that is nominally spherically symmetric,
but actually (as is inevitable in practice) has mass properties that
are slightly perturbed from the spherical case and that is excited
by a tangential thruster that produces a torque that is not parallel
to any of the principal axes of the body. This problem, which is of
considerabletheoreticalinterest, is also of signi� cant practicalinter-
est: it is motivated by safety analyses performed in connectionwith
the Autonomous Extra Vehicular Activity (EVA) Robotic Camera
(AERCam) Sprint vehicle8 that was developed by NASA Johnson
Space Center. Sprint (Fig. 1) is a small, spherical, remotely piloted
“camera pod,” with 12 tangential nitrogen thrusters providing full
six-degree-of-freedom control;its keydynamicparametersaregiven
in Table 1. This spacecraft is a prototype of a device to permit in-
spection of the exterior of the International Space Station without
requiring the involvementof EVA astronauts. (Such a device would
have been very useful on the Mir station after its collision with the
Progress cargo spacecraft in June 1997.) Sprint was test � own in
close proximity to Space Shuttle Columbia during the STS-87 mis-
sion in December 1997 (Fig. 2). Clearly, it is important to have a
full understandingof the dynamics of a stuck-on thruster event, and
its possible safety implications when considering a spacecraft that
is performing orbital proximity operations with a crewed vehicle.

In this paper, we � rst brie� y address the motion that would be
obtained for a stuck-on thruster on an ideal, perfectly spherical ve-
hicle. This behavior is very simple and not of great interest in itself,
but provides a useful baseline for comparison with what is found
in the more realistic near-symmetric case. (Note that the term near
symmetric is used here to denote a body that is nearly spherically
symmetric, with all moments of inertia approximately equal. By
contrast, the same term was previously used in Refs. 5 and 6 to
denote a body that is nearly axisymmetric, with two moments ap-
proximately equal and the third distinct.) For the ideal body, the
axis of rotation of the induced motion is simply along the applied
torque direction. As a result, the applied force cancels as the ve-
hicle rotates: The only net 1v results from the very � rst phase of
the motion,9 before a signi� cant rotation rate has been set up. With
this as background, the near-symmetric case is studied. It is shown
that the motion caused by a stuck-on thruster on such a vehicle

Fig. 2 AERCam Sprint during on-orbit test � ight.

is fundamentally different from that which applies for the perfect
sphere. In fact, the response is shown to now break down into three
distinct phases: an initial phase, where the motion is much as in the
ideal case; a transition phase, with rather complicated body rates;
and an asymptoticphase, where the motion approachesa spin about
either the major or minor principal axis of the spacecraft. Further-
more, the durations of these phases are shown to be functions of the
mass propertiesof the vehicleand the angularaccelerationproduced
by the stuck-on thruster.

The fundamental stuck-on thruster dynamics questions that were
stated initially are then all answered for the near-spherical space-
craft. In particular,a method is given for determining which applied
thrust directionswill cause migration to a major axis spin and which
to a minor, and the associated asymptotic angular acceleration is
characterized. Also, a physical description of the resulting forced
nutation behavior is provided, and a relationship is given for de-
termining the time-varying frequency of this nutation. Finally, the
resulting net linear acceleration in the asymptotic phase of the mo-
tion is derived also. Because the principal axes of a near-spherical
body can be rotated through large angles by small mass distribu-
tion irregularities, it will be shown that it is possible for the spin
to converge to a principal axis that makes only a small angle to the
applied thrust vector. Consequently, the asymptotic linear acceler-
ation can approach the one jet thrust/mass ratio of the spacecraft
for the worst possible combination of thrust direction and vehicle
mass properties. Furthermore, this acceleration can act for an ex-
tended period of time, unlike the short initial period that produces
a 1v in the ideal case. The 1v resulting from a stuck-on thruster
on a realistic, near-spherical vehicle may, therefore, be very much
greater than that obtained for an ideal symmetric one. In fact, it
will be shown that virtually all near-symmetricmass propertieswill
give rise to a signi� cant 1v in response to a long-durationstuck-on
thruster; different mass properties differ only in degrees, that is, in
the precise value of the asymptotic accelerationand the time it takes
to become established. The analytical expressions that are derived
for these quantities, and the others that describe the response of a
near-symmetric vehicle to a stuck-on thruster, will be illustrated in
detail by means of numerical simulation results.

Stuck-On Thruster, Spherically Symmetric Case
We shall � rst brie� y consider an idealized problem where the

vehicle is perfectly spherically symmetric. The results obtained for
this case are quite simple and serve as a baseline for the much
more complicated conclusions reached for the more realistic near-
symmetric case. Of course, the major effect of a single stuck-on
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thruster in the symmetric case is to spin up the vehicle about the
applied torque axis. Consequently, the linear acceleration that is
appliedby the � ring jet cancels over the course of each revolutionof
the vehicle. Therefore, it might be concluded that no net 1v results
froma stuck-onthrusterin this case.However, this conclusionis only
approximatelyaccurate.The reason is that the applied thrust acts in
a nearly constant direction during the initial phase of the motion,
when the vehicle still has low rotation rates. The linear acceleration
during this early period, therefore,does not cancel, thus, giving rise
to a nonzero net 1v. This 1v magnitude, and the time taken for it
to develop, will now be characterized.

For de� niteness, the spherically symmetric spacecraftwill be as-
sumed to be equippedwith 12 tangentialjetsof thrust f and moment
arm r . These are arranged as in the AERCam Sprint design, that is,
two thrusters are parallel to the Cx axis and two parallel to the ¡x
axis, etc. They are activated in pairs to apply translational inputs
and in opposed pairs to apply rotational commands. For the stuck-
on thruster analysis, a single jet is assumed to � re continuously.All
results will be given in terms of an inertial coordinate system that
is de� ned to have origin at the initial position of the vehicle center
of mass, Cx axis along the initial moment arm of the jet, and Cy
axis along its initial thrust vector. Therefore, the resulting torque
is along the Cz, that is, positive yaw, axis. In addition, the amount
of propellant that is consumed during the thruster � ring is assumed
to be suf� ciently small that the resulting changes in vehicle mass
properties are negligible. (This is certainly true for a vehicle such
as AERCam Sprint, which has a total propellant capacity equal to
less than 2% of its dry mass.)

Because a spherically symmetric body with a stuck-on thruster
will experience rotation about a � xed axis, the planar thrust mis-
alignment analysis of Ref. 9 can be used to describe its motion. In
particular,theasymptotic1v canbe shownto be givenas (formula1,
paragraph 3.691, Sec. 3.69–3.71, Ref. 10)

1v0 ¼
p

I0 ¢ ¼=2
¯

m ¢
p

f=r (1)

where I0 is the moment of inertia of this sphericalvehicle about any
axis. This velocity is made up of components of equal magnitude
along the x and y axes. This expressioncertainly appears to be log-
ical: If the jet moment arm is decreasedor the inertia increased, the
angular acceleration becomes smaller, thus, leading to a longer ef-
fective thrusting time before high rotation rates build up and, hence,
to a greater � nal 1v. Similarly, increasingthrust or reducingvehicle
mass gives a higher linear acceleration and, hence, a greater � nal
velocity.

Figures 3 and 4, obtained for numerical values corresponding to
an idealized spherical model for Sprint (Table 1), give more details
of the resulting motion. Vehicle initial rates in both rotation and
translationwere taken to be zero, and orbital effects were neglected.
Figure 3 shows the x , y, and z components of the linear velocity
imparted to the vehicle over the � rst 50 s of the applied thrust; this

Fig. 3 Inertial linear rates, spherical model.

Fig. 4 Inertial linear displacements, spherical model.

behavior is analogous to that shown by Fig. 2 of Ref. 9. Figure 4
then gives the corresponding linear displacement components; this
is analogousto the behaviorshown in Fig. 3 of Ref. 9. Note that the z

componentin both Figs. 3 and 4 is zero: The vehicleexecutesa pure
yaw rotation, so that the jet thrust vector remains in the xy plane
throughout.

Note from Fig. 3 that the residual1v that is applied to the vehicle
by the stuck-on thruster is around 0.2 fps (0.06 m/s). This agrees
with Eq. (1) for this vehicle. This speed is � rst achieved after about
2 or 3 s of thrusting. After that, the vehicle is continually rotating
faster,so that theeffectof anyextra thrustingis merely to add a cyclic
component, of monotonically decreasing amplitude and period, to
the nonzero bias 1v0. Thus, the body essentially travels away from
the origin in a straight line at a steady rate (Fig. 4), with small
superimposed oscillations. Because the � nal x and y components
of velocity are of equal magnitude, the departure of the spacecraft
is rotated through 45 deg from the initial direction of thrust of the
stuck-on jet. Also, the time taken for the vehicle to rotate through
45 deg, 2.6 s, is about the same as that after which it has essentially
achievedits � nal 1v. This suggests the followingsimpli� ed method
for calculating the residual 1v applied by a stuck-on thruster to a
symmetric spacecraft:Until the vehicle has rotated through 45 deg,
consider the applied thrust to be in the original jet direction; after
this point, neglect the effect of further jet � ring on linear motion.
Note that the time taken to rotate through 45 deg, t45 , is given, in
this single-axis rotation problem, by

t45 D
p

¼=2 ¢
p

1=®0 (2)

where ®0 D r f =I0 is the angular acceleration of the vehicle in re-
sponse to the stuck-on thruster. Writing the thrust/mass ratio for the
jet as a D f=m, the resulting approximate 1v is then given as

1v0 ¼ at45 (3)

Substituting for a and t45 in this expression can be seen to again
yieldEq. (1). This con� rms thevalidityof t45 as an approximatetime
constant for convergenceto the � nal 1v for a sphericallysymmetric
spacecraft with a stuck-on thruster.

Stuck-On Thruster, Near-Symmetric Case
The preceding analysis assumed a perfectly spherically symmet-

ric vehicle.In practice,small asymmetriesin thedesignof the space-
craft will be inevitable. In other words, the vehicle will have mo-
ments of inertia that are not exactlyequal, small nonzeroproductsof
inertia, and perhaps some small nonzero offset between the vehicle
center of mass and the geometric center of the thrusters. It will now
be shown that prolonged� ring of a jet on such a spacecraftcan lead
to a response that is markedly different, in its latter stages, from that
obtained for the spherically symmetric case. In particular, the re-
sulting net linear accelerationmay be considerablygreater than the
ideal symmetric value.This long-termbehavior is very important in
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practice because thrusting that continues until propellant depletion
or structural disintegration of the vehicle, whichever comes � rst,
cannot be ruled out. (The Clementine mission experience2 provides
an illustration of the former.)

The response of a near-symmetric vehicle to a stuck-on thruster
can be broken down into four main phases:

1) In the initial phase, the motion is quite similar to that encoun-
tered in the perfectly symmetric case.

2) In the transition phase, the motion becomes signi� cantly dif-
ferent from that of the ideal vehicle. This phase is characterizedby
a rapid change in angular rates about all three axes and the start of
an additional build up in linear 1v.

3) In the asymptotic phase, both linear 1v and angular rates
increase approximately linearly with time. This phase continues
until the thruster ceases � ring.

4) The � nal phase is after thruster cutoff (if the vehicle remains
intact).

Any real vehicle will inevitably possess some small amount of
internal damping. Therefore, It is well known11;12 that the coasting
� nal phase will eventuallydevelop into a spin about the major prin-
cipal axis of the vehicle, that is that corresponding to the largest
principal moment of inertia. Therefore, we shall concentrate only
on the � rst three phasesof the motion,where the additionof the con-
stant thrusting term makes the resulting dynamic response different
from the cases that are typically studied.

Initial/Transition Phases
Suppose the near-symmetric vehicle has center of mass location

Nx relative to the geometric center of its thrusters and inertia matrix
I D I0 I3 C 1I relative to its center of mass. In this expression, the
scalar I0 is the moment of inertia of the idealizedsymmetric vehicle
about each axis, I3 the (3 £ 3) identity matrix, and the symmet-
ric, generally fully populated, matrix 1I satis� es k1Ik ¿ I0 . The
resulting jet torque is then

¿ D .r ¡ Nx/ £ f D ¿ 0 ¡ Nx £ f (4)

where ¿ 0 is the torque produced by this same thruster in the ideal
case. Euler’s equations then become

¿ D I P! C ! £ I! D I P! C ! £ 1I ! (5)

making use of the fact that ! £ I0! D 0. To determine at what point
the motion differs noticeably from the ideal case, de� ne the relative
rate

±! D ! ¡ !0 (6)

where !0.t/ is the response in the ideal case. If we write similarly
±¿ D ¿ ¡ ¿ 0, for ¿ 0 the torque in the spherical case, then Euler’s
equations reduce to

¿ 0 C ±¿ D .I0 I3 C 1I /. P!0 C ± P!/ C .!0 C ±!/ £ 1I .!0 C ±!/

¼ .I0 P!0 C I0± P! C 1I P!0/ C !0 £ 1I!0 (7)

omitting all terms of second or higher order in the perturbations1I
and ±!. (This is somewhat analogous to the perturbation approach
taken in Ref. 13 to simulate the motion of a body, with arbitrary
moments of inertia, under the action of an external torque. How-
ever, the perturbationsthere were de� ned relative to the torque-free
motion of the body; no mass property variations were considered.)

Also ¿ 0 D I0 P!0 , so that we have ±¿ ¼ I0± P! C 1I P!0 C !0 £
1I!0, or

± P! ¼ f±¿ ¡ 1I P!0 ¡ !0 £ 1I !0g=I0 (8)

For the particular thruster considered in the preceding section, we
have
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where ¿ 0 D ¡r f e3 , ±¿ D f .0 ¡Nz Ny/T D f r .0 ¡Qz Qy/T D ®0 I0

.0 ¡Qz Qy/T , and x j is the (unimportant) x component of the jet
position relative to the geometric center. Similarly, !0.t/ D ¡®0te3
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± P!.t/ ¼
©
±¿ C ®01Ie3 ¡ ®2

0 t 2 ¢ e3 £ 1I e3

ª¯
I0

D I ¡1
0 ¢

8
<

:±¿ C ®0

0

@
1I13

1I23

1I33

1

A ¡ ®2
0 t 2 ¢

0

@
¡1I23

1I13

0

1

A

9
=

; (10)

This expressioncan be simpli� ed somewhat by de� ning the normal-
ized change in inertia1 QI D 1I=I0 and centerof mass shift Qx D Nx=r .
We then have
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Integrating with respect to time then gives

±!.t/ ¼ ®0t
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This � rst-order analysis shows that the deviation from the ideal an-
gular accelerationis a small, roughlyconstantquantity for the initial
phase of the motion. Dividing this constant deviation by the ideal
acceleration ®0 gives a relative term that is of the same size as the
normalized center of mass shift and normalized inertia variations.
Note that the only inertia quantities that appear in Eq. (11) are the
moment about the ideal spin axis and the products couplingthis axis
to the other two. The remaininginertiashaveonly a negligibleeffect
on the early motion of the vehicle and so do not play any role in this
� rst-order analysis.

One further observation resulting from Eq. (12) allows a simple
estimate of the time at which the transition phase of the motion
begins. It can be seen that the term that is quadratic in time will � rst
become signi� cant when the time satis� es 1

3 ®2
0 t 3 D ®0t . Therefore,

this de� nes a time constant

ttrans D
p

3=®0 (13)

beyond which a linear analysis is no longer valid. For times greater
than ttrans , the quadratic term in Eq. (11) and then the higher-order
terms neglected in the derivationof this expressionbecome increas-
ingly large. These then give rise to the complicated dynamics ex-
pected in the transition phase. Therefore, this time constant is a
good lower bound on the time at which transition begins. Note that
ttrans depends only on the nominal angular acceleration of the ideal
vehicle; it does not depend on the inertia variations or center of
mass shift. [Of course, Eq. (11) shows that the constant difference
between the angular accelerations in the real and spherical cases in
the initial phase is proportional to these variations.] For the AER-
Cam Sprint vehicle parameters given in Table 1, ®0 D 0:241 rad=s2,
giving a transition time constant of ttrans ¼ 3:5 s. This agrees quite
well with observed simulation results.

Asymptotic Phase
To study the fully developed asymptotic phase of the motion,

it is more convenient to represent the dynamics of the vehicle in
terms of its principal axes. In this coordinate system, the inertia
perturbation matrix 1I becomes diagonal and is denoted here by
3. For simplicity, and without loss of generality, we shall shift the
“nominal” inertiavalue I0 so that all principalmomentperturbations
are either positive or zero, that is,

3 D

0

@
¸1 0 0

0 ¸2 0

0 0 0

1

A (14)
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with ¸1 ¸ ¸2 ¸ 0. In these coordinates, Euler’s equations become

O¿ D .I0 C 3/ PO! C O! £ 3 O! (15)

where O¿ and O! are the applied torque and angular velocity, re-
spectively, expressed in principal coordinates. As kI0k À ¸1 , we,
therefore, have approximately that

I0
PO! D O¿ ¡ O! £ 3 O! (16)

When componentsare expanded,this reduces to the following three
scalar Euler’s equations:

PO!1 D f O¿1 C ¸2 O!2 O!3g=I0 (17a)

PO!2 D f O¿2 ¡ ¸1 O!3 O!1g=I0 (17b)

PO!3 D f O¿3 C 1¸ O!1 O!2g=I0 (17c)

where 1¸ D ¸1 ¡ ¸2 ¸ 0.
The main question we wish to answer is how O! evolves for large

time values.The rateatwhich themagnitudeof thisvectorgrowswill
determine how long it will take the vehicle to reach a spin rate that
will cause structural failure. Similarly, if the spacecraft is equipped
with a centrifugal safety switch that deactivates the propulsion sys-
tem once a certain spin rate is attained,knowledgeof the asymptotic
growth rate of O! allows a predictionof the time that will be required
before this switch trips. Knowledge of the asymptotic evolution of
the direction of O! allows a characterizationof the inertial pointing
of the jet thrust vector and, hence, calculation of the resulting 1v.

As a � rst step in this analysis,premultiplyEq. (16) by O!T , giving

O!T I0
PO! D O!T O¿ ¡ O!T

. O! £ 3 O!/ D O!T O¿ (18)

Because I0 is simply a scalar multiplier, the left-hand side of this
equation is equal to I0 O!T PO!. However, the identityxT x D x2 , for any
arbitrary vector x and its length x , can always be differentiatedwith
respect to time to give 2xT Px D 2x Px . (Note that the scalar Px is the
rate of change of the length of x, not the length of the vector Px.
Therefore, there is no implicit assumption here that the vectors x
and Px are parallel.) Therefore, the left-handside of Eq. (18) becomes
(for x D O!/I0 O! PO!, where O! is the magnitudeof O!, whereas the inner
product on the right-hand side can be written as O! O¿ cos µ , where µ
is the angle between O! and O¿ . Therefore, rearranging gives

PO! D . O¿=I0/ ¢ cosµ D ®0 cos µ (19)

Thus, the rate at which O! increasescan never exceed ®0 , the nominal
angularaccelerationof the idealvehicle.In otherwords, O! is a vector
growing at most linearly with time. Suppose now that the direction
of this vector does not coincide with any of the principal axes of
the body. In this case, two or more of the (principal) components
of O! will be proportional to time. Let us say arbitrarily that these
are components O!1 and O!2. Assuming that 1¸ > 0, that is, ¸1 > ¸2,
we then have from Eq. (17c) that PO!3 is proportional to t 2 or that
O!3 varies as t 3, a contradiction. Therefore, for any body satisfying
¸1 > ¸2 > 0, only one of the components of O! can increase linearly
with time. In other words, O! must asymptotically become aligned
with one of the principal axes of the body.

Suppose � rst that O!2 is the unbounded component of O!. Differ-
entiating Eq. (17a) with respect to time then shows that

RO!1 D ¸2[ O!2
PO!3 C PO!2 O!3]=I0

D ¸2[ O!2. O¿3 C 1¸ O!1 O!2/ C . O¿2 ¡ ¸1 O!3 O!1/ O!3]
¯

I 2
0

¼ O!1 ¢ ¸21¸ O!2
2

¯
I 2
0 (20)

because j O!2j À j O!1j; j O!3j. However, ¸2 and 1¸ are positive when-
ever ¸1 > ¸2 > 0, and so this expression implies that O!1.t/ will be

divergent, another contradiction. Therefore, O! cannot converge to
the two-axis of the body, that is, that corresponding to its interme-
diate principal moment of inertia. This conclusion is very similar to
the well-known one associated with torque-free motion of a rigid
body.4

Therefore,convergencemust be to either the major or minor prin-
cipal axis of the body. Assume � rst that it is to the major axis in the
case considered, that is, we have j O!1j À j O!2j; j O!3j for large enough
values for time. It can then be shown, by a similar method to that
used in Eq. (20), that the componentsof O! about the other two axes
satisfy

RO!2 ¼ ¡ O!2 ¢ ¸11¸ O!2
1

¯
I 2
0 (21a)

RO!3 ¼ ¡ O!3 ¢ ¸11¸ O!2
1

¯
I 2
0 (21b)

To simplify thenotation,de� ne the normalizedinertiaperturbations

Q̧
1 D ¸1=I0; Q̧

2 D ¸2=I0; 1 Q̧ D 1¸=I0 (22)

All of these quantities are much less than 1. Equations. (21) then
become

RO!2 ¼ ¡ O!2 ¢ Q̧
11 Q̧ O!2

1; RO!3 ¼ ¡ O!3 ¢ Q̧
11 Q̧ O!2

1 (23)

Therefore,the small components O!2 .t/ and O!3.t/ are approximately
sinusoidal, at frequency !n1 D O!1

p
. Q̧

11 Q̧ /. Hence, the term O!2 O!3

on the right-hand side of Eq. (17a) is also cyclic, so that the mean
value of PO!1 can be seen to be just O¿1=I0 ´ ®1. [This is consistent
with Eq. (19), because PO!1 ¼ PO! D . O¿=I0/ ¢ cos µ1 D ®1 , where µ1 is
the angle between ¿ and the major principal axis. Note that the
angular acceleration about the major axis during the initial, linear
phase of the motion is also equal to ®1 .] Therefore, the frequency
of oscillation of the small components O!2.t/ and O!3.t/ is actually

!n1.t/ ¼ ®1

p
Q̧

11 Q̧ ¢ t (24)

a quantity that increases linearly with time.
This motion admits quite a clear physical interpretation: It

amounts to what can be termed forced nutation. In the case of stan-
dard torque-freenutation,thecomponentsof angularrate orthogonal
to the spin axis describe a cone of � xed angle and rotate about it at
constant rate. In the constant-thrustingcase, on the other hand, the
applied torquecauses the rotationrate about the (principal) spin axis
to increase roughly linearly with time. Therefore, the rate at which
the vehicle nutates about this axis will also increase linearly with
time. Similarly, the nutation angle will be reduced as the spin rate
increases,giving approximateconvergenceto simple spin about this
principal axis.

Very similar results apply if the vehicle converges to rotation
about the minor principal axis, that is, if we have j O!3j À j O!1j; j O!2j
asymptotically.The two small components again exhibit a form of
modi� ed simple harmonic motion. The frequency in this case is
given as

!n3.t/ ¼ ®3

p
Q̧

1
Q̧

2 ¢ t (25)

where ®3 D O¿3=I0 .
It might be expected, in the light of the well-known instability of

spins about the minor axis for a damped vehicle undergoing torque-
free motion,11;12 that convergence to a spin about the major axis is
the only case that need be considered here. However, the fact that
there is now an applied torque that can continuouslyput energy into
the system leads to the result that minor axis convergenceis indeed
possible. Even if the vehicle possesses a small amount of internal
damping, the energy input as a consequenceof the work doneby the
applied torque will dominate the energy loss due to dampingfor any
realisticdampingmodel.A questionthat then arises is the following:
In what circumstances will the vehicle converge to rotation about
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the major axis, and when will it converge to a minor axis spin? This
can be answered by examining the torque Rayleigh quotient

R.¿ / D
¿ T 1I ¿

¿ T ¿
(26)

This quantity always lies between 0 and ¸1 , the minimum and max-
imum eigenvalues of 1I . If ¸1 > R.¿ / > ¸2, it can be shown that
¿ lies in the region surrounding the major axis that is bounded by
the separatrices14 of this near-sphericalbody. Therefore, this torque
will drive the angular velocity vector into this region also, that is,
convergence will be to a major axis spin. On the other hand, if
¸2 > R.¿ / > 0, then ¿ lies in the region surroundingthe minor axis.
The vehicle will, therefore, asymptotically approach spin about the
minor axis.

Note that this result is not equivalent to saying that convergence
will be to that principal axis, major or minor, which is most closely
aligned with the torque direction; the spread between the inertias
of the vehicle also plays a very important role. In the extreme case
of an exactly axisymmetric prolate vehicle with ¸2 D ¸1 > 0, it can
be seen that convergence will be to the (minor) symmetry axis for
any applied torque that is not preciselyorthogonal to this symmetry
axis. Similarly, an oblateaxisymmetricvehiclewith ¸1 > ¸2 D 0 will
virtually always converge to the (major) symmetry axis. In more
realistic cases where two of the principal moments are nearly, but
not exactly, repeated, it can be seen that convergencewill be to the
axis correspondingto the isolated moment for almost all choices of
torque vector.

This result has the following very important practical implica-
tion. For certain distributions of principal moments of inertia, the
asymptotic rotation of the vehicle can be along a principal axis that
is nearly orthogonal to the applied torque vector and, hence, may be
roughlyalignedwith the directionof thrust of the stuck-on jet. Con-
sequently, even though the vehicle is rotating at a high rate, there
will be a relatively large component of linear acceleration that does
not cancel over each cycle, namely,

a1 D f T e1

¯
m (27)

for asymptotic spin about the major axis (with unit vector e1/ and

a3 D f T e3

¯
m (28)

for spin about the minor axis (unit vector e3/. This is fundamentally
different from what occurs in the initial phase of the motion, where
rotation takes place about the direction of the applied torque, thus,
giving rise to almost complete cancellation of the net applied force
over each cycle. Furthermore, if the torque vector is nearly orthog-
onal to the asymptotic spin axis, the resulting angular acceleration
about this axis, ®1 or ®3, has been shown to be quite low. Therefore,
it would take a considerable time for any centrifugal safety cutoff
switch on the vehicle to close, deactivating the propulsion system.
Thus, not only is the asymptotic linear acceleration large in this
case, but it may act for an extended period. The resulting net linear
1v can, therefore, be signi� cant.

In the worst case, the net linear acceleration produced by the
thrusterin theasymptoticphaseof the motionmay approachtheone-
jet thrust/mass ratio, a D f=m, of the vehicle. In the best possible
combination of thruster and principal axes, it may approach zero.
However, thisbest case resultappliesonly forone particularthruster,
whereas it must be remembered that any one of the jets on the
vehicle may stick on. Therefore, the quantity that should really be
considered is the net linear accelerationamax that will be obtained if
the worst possible thruster fails on. It can be shown, by considering
the direction cosines between the orthogonal principal axes of the
body and the orthogonal thruster axes, that

a > amax ¸ a
¯p

3 (29)

As can be seen from the earlier discussionof the near-axisymmetric
case, amax will tend to be higher for such vehicles than for bodies
with more widely spaced principal moments.

One � nal quantity that is of use in characterizing the motion is a
measure of the time required for the vehicle to approach its asymp-
totic principal axis rotation.To this end, we de� ne the time constant
tasymp to be that time at which the period of forced nutation, which
asymptoticallyapproacheszero, � rst becomes less than the elapsed
time. Consider the major axis spin case � rst: This is equivalent to
2¼=!n1.tasymp/ D tasymp . From Eq. (24), this reduces to

tasymp ¼

s
2¼

®1

p
Q̧

11 Q̧
(30)

The corresponding time constant for a minor axis spin is, from
Eq. (25),

tasymp ¼

s
2¼

®3

p
Q̧

1
Q̧

2

(31)

These expressions both reduce to just

tasymp ¼
q

2¼=®a
Q̧

1 (32)

for the special case of an exactly axisymmetric vehicle, where ®a

is the axial angular accelerationcomponent. In fact, a simple lower
bound in all cases is given by

tasymp ¸
q

2¼=®0
Q̧

1 (33)

Note that tasymp is inversely proportional to the square root of the
inertiaperturbationmagnitudek1Ik. Thus, the more perfectlysym-
metrical the vehicle is, the later the establishment of spin about a
principal axis and, hence, the later the start of the undesirable large
linear accelerationthat may result.This contrastswith the time con-
stant ttrans associatedwith the start of the transitionphase,which was
independent of k1Ik. In fact, the two time constants are related by

tasymp ¼

s
2¼

3
p

Q̧
11 Q̧

¢
r

®0

®1
¢ ttrans ¸

s
2¼

3
p

Q̧
11 Q̧

¢ ttrans

¸
r

2¼

3Q̧
1

¢ ttrans (34)

for a major axis spin and very similar expressions for a minor axis
spin.When the AERCam Sprint dynamicquantitiesgiven in Table 1
are used, and a maximum possible variation in the principal mo-
ments of inertia of 5% is assumed, Eq. (33) yields tasymp ¸ 23 s. As
will be seen shortly, this agrees quite well with simulation results.

Finally, it can be seen from Eqs. (30–34) that minimizing the
range of values of the principalmoments of inertia of the body will,
all else being equal, tend to delay the onset of asymptoticphase mo-
tion. Therefore, this will delay the point at which the vehicle may
start to experience high linear accelerations.Furthermore, these in-
ertias should, if possible,be evenlyspaced. If, instead, two moments
were much more closely spaced than the third, the body would be
approximately axisymmetric. Hence, in light of the discussion fol-
lowing Eq. (26), high linear accelerations would be very likely to
occur for many possible thruster orientations.

Summary of Stuck-On Thruster Response
The main relationships describing the response of a near spher-

ically symmetric body to a stuck-on thruster can, therefore, be
summarized as follows. In these results, a D f=m is the one-jet
thrust/mass ratio of the vehicle,®0 D ¿=I0 is its ideal (sphericalcase)
one-jetangular acceleration,f®i D ¿i =I0; i D 1; 2; 3g are given from
the principal components of the applied torque, ¸1 and ¸2 are the
differences between the two larger actual principal moments of in-
ertia and the smallest, fQ̧

i D ¸i =I0g are the normalized differences,
and 1 Q̧ D Q̧

1 ¡ Q̧
2 ¸ 0.

The initial angular acceleration comprises components f®1; ®2;
®3g along the principal axes of body.
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The initial 1v applied (spherical body model) is 1v0 ¼ at45,
where t45 D

p
[.¼=2/=®0].

The time constant of entry into transition phase is ttrans Dp
.3=®0/.D 1:382 £ t45/.
The principal axis convergedto the major axis if ¸1 > R.¿ / > ¸2

and the minor axis if ¸2 > R.¿ / > 0, where the torque Rayleigh
quotient R.¿ / D ¿ T 1I¿ =¿ T ¿ . If vehicle is exactly axisymmetric,
convergencewill almost always be to spin about the symmetry axis.

The time constant of entry into the asymptotic phase is tasymp ¼p
[2¼=®1

p
. Q̧

11 Q̧ /] for major axis spin and
p

[2¼=®3
p

. Q̧
1
Q̧

2/] for
minor axis spin. In both cases, tasymp ¸

p
.2¼=®0

Q̧
1/ D

p
.2¼=3 Q̧

1/ ¢
ttrans .

The asymptotic angular acceleration is ®1 if along major axis and
®3 if along minor (as in initial phase).

The frequency of forced nutation is !n1.t/ ¼ ®1
p

. Q̧
11 Q̧ / ¢ t for

spin about the major axis and !n3.t/ ¼ ®3
p

. Q̧
1
Q̧

2/ ¢ t for minor axis
spin.

The asymptotic linear accelerationis a1 D f T e1=m for major axis
spin and a3 D f T e3=m for minor axis spin.

Simulation Results
The presented results will now be illustrated by simulation data.

These will be obtained for two different near-symmetric spacecraft
models based on the AERCam Sprint vehicle data given in Table 1.
The spacecraft mass and nominal moments of inertia about each
axis, together with the jet thrust magnitude and initial direction,
thus, are the same values that were used to generate the results given
earlier for the exactly symmetric case. In addition, principal inertia
variationsof up to 5%, representative8 of a realisticvehicle,will now
be included.The resulting inertia matrix, representedin the original
body axes, will be diagonallydominant,with very small productsof
inertia. However, the associated principal axis directions can vary
considerably, as a result of the extreme sensitivity of the principal
axes of near-spherical bodies to minor mass asymmetries. For this
reason, very different results can be obtained for inertia matrices
that do not, on initial inspection, appear to differ signi� cantly.

Example 1
The � rst near-symmetric con� guration considered has inertia

matrix

I1 D

0

@
0:1656 ¡0:0023 0:0016

¡0:0023 0:1658 0:0016

0:0016 0:0016 0:1614

1

A kg ¢ m2 (35)

This corresponds to normalized moment of inertia variations of
Q̧

1 D 0:05 and Q̧
2 D 0:03. Figure 5 shows the body rotation rates

that result if the thruster that was considered in the symmetric case
analysis again becomes stuck on. It can be seen that the motion does
indeed begin by evolving linearly (for on the order of 5 s), but then
moves on to the complicatedtransitionphase.Figure 6 gives the cor-
respondingrates about the principalaxes.These rates exhibit the ex-
pected forced nutational behavior in the asymptotic phase (reached
after around25 s). Figure 6 shows that convergenceis to a spin about
axis 3, the minor axis. Note that the torque Rayleigh quotient of
Eq. (26) can be shown to have value R.¿ / D 0.0014 kg ¢ m2 for this
example; this is less than the (unnormalized) ¸2 D 0.0048 kg ¢ m2,
so convergence is indeed predicted to be to a minor axis spin.

Figure 7 further illustratesthe natureof this convergenceshowing
the evolution with time of the angular velocity Rayleigh quotient
R.!/ D !T 1I!=!T !. [For initial time, this is approximatelyequal
to R.¿ / because the angular velocity is initially aligned with the
torque.]The horizontaldashed lines in Fig. 7 denote thevaluesof the
eigenvaluesof1I , that is,¸1 (upper line), ¸2 (middle), and0 (lower).
Note that the R.!/ curve starts below the ¸2 line and remains below
it throughout,with R.!/ asymptoticallyapproachingthe minor axis
value of zero. This correspondsto convergenceto a minor axis spin,
in the manner described in the discussion following Eq. (26).

Figure 8 shows the resulting linear rates for this example, ex-
pressed in an inertial frame. Comparing Fig. 3 (ideal symmetric

Fig. 5 Body axis rotation rates, example 1.

Fig. 6 Principal axis rotation rates, example 1.

Fig. 7 Angular rate Rayleigh quotient, example 1.

case) with Fig. 8 (near-symmetric case) reveals clearly the funda-
mental differencebetween these two cases,namely, the considerable
translationrate that buildsup along the z axis for the near-symmetric
vehicle. It can be seen that the torque produced by the stuck-on
thruster has the effect of reorienting the spacecraft so that the minor
principal axis (the asymptotic spin axis) becomes oriented with the
z axis (the initial spin axis). The component of jet thrust along the
minor axis then leads to the asymptotic buildup in z-axis 1v. By
the time the vehicle enters the asymptotic phase, this z-axis motion
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Table 2 Dynamics parameters for example vehicles

Parameter Example 1 Example 2

Q̧ 1 0.05 0.05
Q̧ 2 0.03 0.00
t45 , s 2.55 2.55
1v0 , m/s 0.061 0.061
ttrans; s 3.53 3.53
Asymptotic spin axis Minor Major
tasymp , s 28.4 40.5
aasymp, m/s2 0.009 0.023
®asymp , rad/s2 0.202 0.077
Nutation period, s 804/t 1640/t

Fig. 8 Inertial linear rates, example 1.

dominates that along the other two axes. It is for this reason that an
idealizedsymmetricmodeldoesnotsuf� ce foranalysisof thebehav-
ior of a realnear-sphericalspacecraftundera stuck-onthruster:Such
a model fails to capture the most signi� cant long-term 1v source.
In the current example, the angle between the thruster direction and
the minor axis is 67.6 deg; therefore, the resulting asymptotic linear
acceleration should be cos.67:6 deg)D 38% of the one-jet linear
acceleration.This value of 0.009 m/s2 (0.030 ft/s2) agrees well with
what is observed in the asymptotic phase of Fig. 8.

Finally, to compare more fully the new analytical stuck-on
thruster expressions with the simulation results for this near-
symmetric body, the second column of Table 2 lists the various
analytical numerical values for this example system. It can be seen
that the predicted time constants for entry into the transition and
asymptotic phases, ttrans and tasymp , respectively, agree closely with
the approximatevalues of 5 and 25 s that were deduced from Figs. 5
and 6. Similarly, the asymptotic linear acceleration aasymp and an-
gular acceleration about the asymptotic spin axis ®asymp are also as
observedfrom Figs. 8 and 6 (axis 3), respectively.Likewise, the fre-
quency of forced nutation as predicted by Eq. (25) also agrees well
with observations. This expression predicts a half-period of 10.9 s
at an elapsed time of 37 s and 9.6 s at 42 s: These closely match the
rotations about principal axes 2 and 1, respectively, that are seen in
Fig. 6.

Example 2
Considernow a near sphericallysymmetricvehicle that is exactly

axisymmetric oblate, with normalized inertia differences Q̧
1 D 0:05

and Q̧
2 D 0. The inertia matrix of this body is

I2 D

0

@
0:1601 ¡0:0007 0:0002

¡0:0007 0:1670 ¡0:0025

0:0002 ¡0:0025 0:1609

1

A kg ¢ m2 (36)

If the same thruster as before becomes stuck on, the resulting rates
about the principal axes are as given in Fig. 9; the corresponding

Fig. 9 Principal axis rotation rates, example 2.

Fig. 10 Inertial linear rates, example 2.

linear rates are plotted in Fig. 10. Comparing Fig. 9 with Fig. 6
shows that the angular acceleration about the asymptotic spin axis
for the second example is only about one-third as great as for the
� rst. Conversely, comparing Figs. 8 and 10 reveals that the second
system has an asymptotic linear acceleration value approximately
double that of the � rst. Both of these observations are explained
by the fact that Eq. (36) represents an axisymmetric body. As pre-
dicted following Eq. (26), the stuck-on thruster causes the vehicle
to converge to spin about its symmetry, that is, major, axis, despite
the fact that the applied torque is very nearly orthogonal to this
axis. In fact, the angle between the torque direction and the sym-
metry axis is 70.4 deg for this example. This near orthogonality
between torque vector and asymptotic spin axis gives rise to the low
asymptotic angular acceleration of 0.077 rad/s2 (4.4 deg/s2 ) that is
evident in Fig. 9. Similarly, the thrust vector is only 20.3 deg off the
symmetry axis: Fig. 11 shows the approximategeometry,where the
physical Sprintlike spacecraft is denoted by the solid sphere and its
axisymmetric mass properties by the dashed oblate cylinder. That
the angle between the thrust vector and the asymptotic spin axis is
so small gives rise to a large thrust component along the spin axis
and, hence, to the undesirablyhigh linear accelerationof 0.023 m/s2

(0.075 ft/s2 ) that can be observed in the latter stages of Fig. 10. This
value is equal to 94% of the one-jet thrust/mass ratio of the vehicle,
con� rming the prediction that a near spherically symmetric space-
craft with a stuck-on thruster can experience an acceleration that
approaches this limit.

The predicted values given in Table 2 (third column) agree well
with the observed simulation behavior for this example also. For
instance, the increased value of tasymp for example 2 is consistent
with the somewhat slower entry into the full asymptoticphase that is



WILLIAMS AND TANYGIN 647

Fig. 11 Thruster and asymptotic spin geometry, example 2.

evidentbycomparingFigs. 8 and 10.Similarly, theasymptoticlinear
and angular accelerationsdiscussed earlier are exactly as predicted.
Finally, the analytical expression [Eq. (24)] for the frequency of
forced nutation also gives values that agree with observations:The
predictedhalf-periodsof 28.2 s at an elapsed time of 29 s and 20.0 s
at 41 s correspondclosely to what is observed in Fig. 9 for rotation
about axes 2 and 1, respectively.

Conclusions
The motionhasbeen analyzedthat is causedby a stuck-onthruster

on a vehicle that is nearly spherically symmetric, as any real space-
craft that is intended to be perfectly symmetric will actually be. It
was shown that the motion of such a vehicle is signi� cantly more
complicated than that which is obtainedfor the ideal case of a spher-
ically symmetric body. In particular, the real spacecraftwill experi-
ence a form of forced nutation, with convergence toward either its
major or minor principal axis, dependingon both the applied torque
and the details of the mass properties of the vehicle. Furthermore,
it was shown that this asymptotic spin axis need not be nearly or-
thogonalto the stuck-on thrusteraxis.Consequently,the body-� xed
jet force vector may have a signi� cant component along the spin
axis, thus, giving rise to a considerable net linear acceleration of
the spacecraft. The large 1v that can be produced in this way is
not captured by an idealized, spherically symmetric model of the
vehicle dynamics and can have important practical safety implica-
tions. For instance, it could lead to signi� cant orbital perturbations
and, in the case of proximityoperations,a collisionhazard. Further-
more, this large 1v will occur, to varying extents, for virtually all
near-symmetricmass properties.Methods were derived for predict-
ing this 1v, and other aspects of the stuck-on thruster behavior of

near-symmetric vehicles, for any given set of mass properties, and
the new analytical results that were derivedwere fully illustratedby
means of numerical simulations.
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